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Abstract. This study presents time-domain and frequency-domain, multiple-input, multiple-output (MIMO)
linear system identi®cation techniques that can be used
to estimate the dynamic endpoint stiness of a multijoint limb. The stiness of a joint or limb arises from a
number of physiological mechanisms and is thought to
play a fundamental role in the control of posture and
movement. Estimates of endpoint stiness can therefore be used to characterize its modulation during
physiological tasks and may provide insight into how
the nervous system normally controls motor behavior.
Previous MIMO stiness estimates have focused upon
the static stiness components only or assumed simple
parametric models with elastic, viscous, and inertial
components. The method presented here captures the
full stiness dynamics during a relatively short experimental trial while assuming only that the system is
linear for small perturbations. Simulation studies were
performed to investigate the performance of this
approach under typical experimental conditions. It
was found that a linear MIMO description of endpoint
stiness dynamics was sucient to describe the displacement responses to small stochastic force perturbations. Distortion of these linear estimates by
nonlinear centripetal and Coriolis forces was virtually
undetectable for these perturbations. The system identi®cation techniques were also found to be robust in the
presence of signi®cant output measurement noise and
input coupling. These results indicate that the approach
described here will allow the estimation of endpoint
stiness dynamics in an experimentally ecient manner
with minimal assumptions about the speci®c form of
these properties.

Correspondence to: R.F. Kirsch, Rehabilitation Engineering Center, Hamann 640, MetroHealth Medical Center, Cleveland, OH
44109-1998, USA
(e-mail: rfk3@po.cwru.edu,
Tel.:+1-216-778-4139, Fax:+1-216-778-4259)

1 Introduction
The stiness of a joint or limb arises from a number of
physiological mechanisms and is thought to play a
fundamental role in the control of posture and movement (Feldman 1966; Hogan 1985). Stiness determines
how strongly external disturbances are rejected during
the maintenance of a ®xed posture or the execution of a
movement. Hence, it is often assumed that stiness can
be used as a measure of motor stability. Stiness
properties also provide a nonrigid interface that is
appropriate for stable interactions with both stable and
unstable environmental loads (Colgate and Hogan 1988;
De Serres and Milner 1991). Thus, understanding the
manner in which limb stiness varies under dierent
conditions can provide an unique perspective into how
the nervous system normally controls posture and
movement. Furthermore, the stabilizing actions of
stiness properties could be useful in eorts to restore
movements in disabled individuals by providing an
indication of the eectiveness of rehabilitation interventions such as reconstructive surgery, external orthoses,
and/or functional neuromuscular stimulation (Perreault
et al. 1997).
Most previous studies examining human stiness
properties have been performed on single joints. However, a number of fundamentally important features of
real movements cannot be revealed by single joint
studies. In particular, many tasks performed by limbs
are speci®ed in terms of the endpoint (e.g., positioning
the hand during manipulation tasks), and motions at the
joints are usually subservient to these whole-limb functional needs (Morasso 1981). In addition, many muscles
cross more than one joint and thus produce moments at
several joints simultaneously. Several previous studies
have looked at multijoint stiness properties. The initial
work in this area by Mussa-Ivaldi et al. (1985) found
that the endpoint stiness of the human arm in the
horizontal plane was primarily `spring-like' and that
limb geometry had a strong eect on the magnitude and
directionality of endpoint stiness. Stiness was estimated in this study from the steady-state force responses
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to a series of separate one-dimensional `step' perturbations imposed from dierent directions. Although several pre-perturbation active tasks were performed by the
subjects, all stiness measurements were done with the
subjects relaxed (i.e., passive). Several other studies have
used similar techniques to examine the eects of external
loads (Shadmehr et al. 1993; McIntyre et al. 1996), and
modi®cations have been made to estimate dynamic
properties (Dolan et al. 1993; Tsuji et al. 1995; Gomi
and Kawato 1997). These studies used methods with
three primary limitations. First, the steady-state stiness
estimates employed in most studies ignore the much
larger dynamic stiness components that can strongly
resist transient external disturbances. Second, estimates
of steady-state stiness obtained using transient (step or
ramp) perturbations require that the subjects `do not
intervene' in response to step or pulse changes in endpoint position for intervals several times longer than
voluntary reaction times. Third, those who have examined dynamic endpoint properties (Dolan et al. 1993;
Tsuji et al. 1995; Gomi and Kawato 1997) have made
a priori assumptions about the structure of the endpoint
dynamics and then ®t parameters to this structure. These
models typically assume linear elastic and viscous components as well as inertial contributions at the endpoint.
Although single joint estimates indicate that this may be
a reasonable assumption for small perturbations during
postural conditions, it is unlikely to hold during less
constrained experimental conditions (MacNeil et al.
1992; Kirsch and Kearney 1997).
In this paper, we present an alternative approach for
identifying multijoint endpoint stiness properties that
addresses the above limitations. The methodology described here diers from previous techniques in that
stochastic perturbations, rather than steps or pulses, are
used to evoke responses. Such perturbations minimize
the likelihood of voluntary reactions because of their
random nature. Stochastic planar perturbations imposed at the endpoint also allow the entire stiness ®eld
to be swept during a relatively short experimental trial,
rather than requiring separate trials for each perturbation direction of interest. Furthermore, dynamic inputoutput stiness properties can be obtained via system
identi®cation with very minimal assumptions regarding
system structure. We have therefore implemented multiple-input, multiple-output (MIMO) nonparametric
system identi®cation routines in both the time and frequency domains to characterize the dynamic endpoint
stiness (DES) opposing these perturbations. These
techniques require no a priori assumptions about the
system structure other than linearity about a given operating point. A simulation study will be presented
which demonstrates the robustness of these methods
under conditions similar to those expected experimentally, including nonlinearities due to mass-related interjoint coupling, signi®cant correlation between the
inputs, and signi®cant measurement noise at the output.
The results of these simulations indicate that the presented methods will be well suited to the study of human
endpoint dynamics. It should be noted that our description of these techniques will focus upon issues most

relevant to the estimation of planar dynamic endpoint
stiness properties. However, the techniques are quite
general and can be applied to any quasi-linear system
with an arbitrary number of inputs and outputs.
2 MIMO identi®cation algorithms
The nonparametric identi®cation algorithms developed
in this paper are applicable to MIMO linear systems.
Figure 1a shows the general structure for a linear system
with N inputs and M outputs. As shown in Fig. 1b, such
a system can be represented by N  M single-input,
single-output (SISO) subsystems describing the contribution of each input to each output. Algorithms
presented in this paper estimate the dynamics of these
component SISO subsystems using nonparametric
MIMO system identi®cation performed in either the
time or the frequency domain. Frequency domain
identi®cation provides transfer function (TF) estimates
for each of the SISO subsystems, while time domain
identi®cation provides estimates of the subsystem impulse response functions (IRFs). TFs and IRFs are
related by the Fourier transform, but the numerical
processes used to estimate each of these quantities and
the corresponding estimation errors are somewhat
dierent.
Both the time and frequency domain algorithms estimate the dynamic systems between all inputs and each
output. Therefore, they are multiple-input single-output
algorithms (MISO). The application of interest in this
paper, the estimation of multijoint limb stiness dynamics, has multiple outputs and therefore, requires the
estimation of multiple MISO systems. The presented
algorithms estimate these multiple MISO systems simultaneously and hence are described as being MIMO.
2.1 Frequency domain identi®cation
Frequency domain MIMO identi®cation algorithms
based upon the input/output auto and cross-spectra
have been developed previously (Bendat and Piersol
1986). The relationship between the input auto- and

Fig. 1. A Block diagram of the structure used to represent a linear
multiple-input, multiple-output (MIMO) system with inputs xi and
outputs yj . B Equivalent subsystem representation
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cross-spectra and the input/output cross-spectra for a
general MIMO system can be described by:
Gxi yj f   Hyj xk f   Gxi xk f       Hyj xN f   Gxi xN f 
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X
k1

Hyj xk f   Gxi xk f 

1

where Gxi xk is the input cross-spectrum between inputs xi
and xk , Gxi yj is the input/output cross-spectra between
input xi and output yj , and Hyj xk is the transfer function
relating input xk to output yj . This equation can be
expressed in matrix form as:
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Solving (2) for the rightmost matrix yields estimates for
each of the subsystem transfer functions. The solution
for the two-input, two-output system needed to estimate
planar DES can be written as:
h
i
Gx x f Gx y f 
Gx1 yj f   1 ÿ Gx1 x2 f Gx2 yj f 
2 2
1 j
Hyj x1 f  
Gx1 ;x1 f   1 ÿ c2x1 ;x2 f 

Hyj x2 f  

h
Gx x
Gx2 yj f   1 ÿ Gx2 x1
1 1

i

f Gx1 yj f 
f Gx2 yj f 

Gx2 ;x2 f   1 ÿ c2x1 ;x2 f 

for j 2 1; 2
3

where c2x1 x2 f  is the coherence between inputs x1 and x2
and is de®ned as:
c2x1 x2 f  

jGx1 x2 f j2
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Mutually independent inputs will have a coherence
equal to zero; inputs that are perfectly linearly dependent will have a coherence of 1.0. From (3), it is evident
that the identi®cation procedure will fail for perfectly
coupled inputs (i.e., c2x1 x2  1). If the system inputs are
linearly independent (i.e., c2x1 x2  0), the subsystem
models can simply be identi®ed individually using SISO
identi®cation methods to estimate the linear system
between each input and each output. For most
experimental situations, 0 < c2x1 x2 < 1, requiring all
subsystems to be identi®ed simultaneously, or requiring
the inputs to be orthogonalized (Bendat and Piersol
1986).
Multiple coherence functions can be used to investigate the degree to which a given output can be linearly
predicted from all of the system inputs and to determine
the frequencies over which a linear model can accurately
characterize the system dynamics. Regions of low multiple coherence indicate insucient input power in that

frequency range, signi®cant system nonlinearities, noise,
or contributions from unmeasured inputs (Marmarelis
and Marmarelis 1978). The multiple coherence function
for a two-input, two-output system is given by (5). The
overbar denotes the complex conjugate operator.
c2yi x f  
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Partial coherence provides an estimate of the linear
relationship between one input and one output. These
estimates are equivalent to ordinary coherence estimates after the eects of all other inputs have been
removed from both the input and output of interest
(Bendat and Piersol 1986). The partial coherence
functions for a system with two inputs and two outputs
is given by:
c2xi yj xk f 
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where the residual spectra, Gxi ;yj xk are de®ned as:
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The auto- and cross-spectral functions, upon which the
transfer function estimates are based, are typically
estimated from ®nite data record lengths using the
periodogram approach (Welch 1967). However, this
estimator of spectral quantities suers from both
random error, due to estimating system properties from
a single data record containing random output noise,
and bias error, due to the ®nite record length. Random
error is typically minimized by dividing the data into
many segments, computing the needed spectral estimate
for each segment, and then averaging all individual
segment estimates. A larger number of segments thus
results in smaller random error and smoother spectral
estimates. However, the decrease in the record length for
the periodogram resulting from this segmentation procedure can lead to bias error. Excessive segmentation
also degrades spectral resolution, since the two are
inversely related. These issues are particularly relevant
for the computation of DES, which has a bandwidth
typically less than 3 Hz and thus requires a spectral
resolution signi®cantly less than 1 Hz. Coherence
estimates are good indicators of both random and bias
errors (Bendat and Piersol 1986) and can be used to help
choose an appropriate periodogram window size (see
Results).
2.2 Time domain
Nonparametric MIMO system identi®cation can also be
performed in the time domain, providing estimates of
the subsystem impulse response functions (IRFs). IRFs
and TFs provide theoretically equivalent descriptions of
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system dynamics, although IRFs more conveniently
represent system timing. The goodness of ®t of the time
domain identi®cation procedures can be summarized by
the variance accounted for (VAF) for each of the model
outputs, and also by the multiple correlation coecient
(R2 ) for the entire model.
The time domain identi®cation algorithms utilize
auto- and cross-correlation functions to minimize the
eects of output measurement noise. Equation (8) shows
the correlation estimates used in this work. These estimates exhibit random and bias errors analogous to
spectral estimates, but when the system memory is much
shorter than the record length, N , bias errors are negligible and have little eect on the results of the algorithm
that follows. In fact, Westwick and Kearney (1997) have
shown that biased correlation functions can be used to
obtain unbiased IRFs using a SISO version of the algorithm presented in this paper.
/xy s 

N ÿs
1X
x ky k  s
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8

Equation (9) describes the input/output cross-correlation function for a system with N inputs. /xi xk is the
input cross-correlation between inputs xi and xk , /xi yj is
the input/output cross-correlation between input xi and
output xj , hjk is the IRF relating input xk to output yj ,
and * represents the convolution operator. Equation (9)
is the time domain analog to (1).
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Equation (11) can be solved via matrix inversion to yield
the matrix of IRFs, H , describing the system dynamics.
VAF and R2 can be eciently estimated from the
intermediate results of the time-domain identi®cation.
Equation (12) shows the VAF estimate for each model
output, while (13) describes the estimate of R2 . The derivation of these quantities is presented in the Appendix.
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9
3 Simulation methods

The convolution operation can be accurately approximated by a summation for discrete time signals (assuming an adequate sampling rate), and the resulting sum
can be expressed in matrix form. Equation (10) provides
this representation for a general 2-sided IRF (Hunter
and Kearney 1983).
h k  / k 

2

Q
X

h j/ j ÿ k  U  h

jÿP

2

/ ÿP 

/ ÿP  1

6
/ ÿP 
6 / ÿP ÿ 1
6
6
.
6
..
4
/ ÿ2P ÿ Q
3
2
h ÿP 
7
6
6 h ÿP  1 7
7
6
6
7
..
7
6
.
5
4
h Q


..

/ Q

.

3
7
7
7
7
7
5

/ ÿP 

The numerical properties of these algorithms and their
usefulness for estimating dynamic endpoint stiness
were investigated via a series of computer simulations of
a two-joint dynamic system mimicking the human arm
acting in a horizontal plane. One set of simulations was
performed using a nonlinear dynamic model that
included the nonlinear Coriolis and centripetal coupling
moments between the humerus and forearm. Elastic and
viscous joint properties, rather than endpoint properties,
were assumed. The aects of these joint properties were
nonlinearly transformed to the endpoint via the kinematic properties of the arm. The equations used for the
nonlinear simulations are shown in (14). The parameters
for all simulations were taken from the experimental
results of Tsuji et al. (1995).
::

:

:

J T fend  M h h V h; h  Bjnt h Kjnt h
10

Substituting (10) into (9) yields the matrix equation for
the MIMO cross-correlation function shown in (11).

14

where J is the Jacobian matrix relating incremental
changes in joint space to incremental changes in
endpoint space, fend is the vector of applied endpoint
forces, h is the vector of joint angles, M is the joint
inertia matrix, V is the vector of centripetal and Coriolis
forces, Bjnt is the vector of joint viscosities, and Kjnt is the
vector of static joint stinesses.
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A second set of simulations was performed with a
completely linear model of the endpoint dynamics to
evaluate the impact of output measurement noise and
input coupling on the ability to accurately identify system properties. This linear model was used to separate
these eects from those of the system nonlinearities. The
linear simulations assumed that DES could be modeled
using inertial, viscous, and elastic parameters of the
endpoint of the arm as have been identi®ed in previous
studies (Dolan et al. 1993; Tsuji et al. 1995). These
simulations were performed in endpoint coordinates
using (15).
::

:

Iend x  Bend x  Kend x  fend ;
where

I
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K11
B12
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15
Iend , Bend , and Kend represent the endpoint inertia,
viscosity, and stiness matrices in two dimensions; x is
the endpoint displacement vector, and fend is the vector
of applied endpoint forces.
All simulations were performed in Matlab/Simulink
(The Mathworks, Natick, MA) using an adaptive stepsize Gear integration routine. Simulated planar stochastic force perturbations with a bandwidth of
approximately 9 Hz were used as inputs. Figure 2 shows
the input force spectrum used for all simulations. Unless
otherwise speci®ed, the force perturbations in the two
orthogonal directions were mutually independent. Force
perturbations had a peak-to-peak amplitude of approximately 1 N, resulting in endpoint displacements of
approximately 1 cm for the chosen simulation parameters. Sixty seconds of data were simulated for each trial.
The variable sampling rate results of each simulation
were linearly interpolated to yield a ®nal uniform sampling rate of 50 Hz. Note that the system describing the
relationship between an imposed force and the resulting
displacement is known as dynamic compliance, which is
simply the inverse of dynamic stiness. The results presented below are given in terms of dynamic compliance

Fig. 2. Typical input force spectra used for all simulations

because force was the controlled variable in these simulations, but they could just as easily be presented in
terms of dynamic stiness.
4 Results
4.1 Linearity
The nonlinear simulations were designed to test the
eects of Coriolis and centripetal coupling moments as
well as the nonlinear joint-to-endpoint stiness transformations on the estimation of endpoint dynamics
during the application of stochastic endpoint perturbations. Figure 3 shows the magnitude portions of the
linear dynamic endpoint compliance TFs estimated from
the nonlinear simulation data. These are compared to the
theoretical TFs for a linear system described by (15).
The linear system used for comparison has no centripetal or Coriolis forces and has endpoint model parameters
obtained using the standard transformation shown in
(16). Although the Jacobian, J , is a nonlinear function
of the joint angles, the endpoint parameter matrices were
approximated using the mean joint angle for each
simulated trial. Figure 4 illustrates the partial and
multiple coherence functions obtained from these nonlinear simulations. All partial and multiple coherences of
the nonlinear system remained near 1.0 over the
perturbation bandwidth. The slight decrease in the
partial coherence of H12 is due to estimation bias errors
(see Bias error section below), not to signi®cant nonlinear contributions. Thus, the nonlinear centripetal and
Coriolis coupling moments and the nonlinear joint-toendpoint transformations appear to have little eect on
the overall system linearity during small amplitude
stochastic endpoint perturbations.

Fig. 3. Comparison of the estimated dynamic endpoint compliance
transfer functions (TFs) (ÐÐÐ ) and those predicted from the known
joint stinesses (ÿÿÿÿ ). Simulation data were obtained using the
nonlinear model speci®ed by (13). Hji represents the single-input,
single-output (SISO) subsystem between input xi and output yj
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mine whether the distortion introduced by the nonlinear
properties might be more signi®cant at dierent locations in the workspace. Four locations in the horizontal
plane were simulated, corresponding to those measured
by Tsuji et al. (1995). All hand locations were in front
of the subject; elbow angles ranged from 59 to 126 of
¯exion, and shoulder angles ranged from 37 to 102
of ¯exion as measured from the coronal plane. Figure 6
shows that the linear identi®cation procedure was able
to account for more than 98% of the output variance at
each of the simulated locations. In addition, the
estimated IRFs predicted more than 99% of the variance
in the simulated IRFs, indicating that the system nonlinearities were insigni®cant throughout the workspace.
4.2 Coupling

Fig. 4. Coherence estimates for the dynamic compliance estimation.
Simulation data were obtained using the nonlinear model speci®ed
by (13)

Kend  J T ÿ1  Kjnt  J ÿ1
Bend  J T ÿ1  Bjnt  J ÿ1
T ÿ1

Iend  J 

 Ijnt  J

16

ÿ1

The time domain identi®cation algorithm was used to
estimate IRFs from the same nonlinear simulation data.
Figure 5 shows the estimated IRFs and those expected
from the linear system. The two sets of IRFs in Figure 5
are virtually identical, indicating that the known mechanical nonlinearities of the human arm do not
signi®cantly distort the time domain estimation of
DES. Time domain results were further used to deter-

Fig. 5. Comparison of the estimated dynamic compliance impulse
response functions (IRFs) (ÐÐÐ ) and those predicted from the known
joint stinesses (ÿÿÿÿ ). Simulation data were obtained using the
nonlinear model speci®ed by (13). hji represents the SISO subsystem
between input xi and output yj

The eect of input coupling on the estimation procedure
was investigated using data from the linear system
simulations. Four dierent levels of input coupling,
from 0% to 75% , were tested. The degree of coupling
indicates the percentage of the variance of one input that
was linearly related to the second input: 0% coupling
indicates completely independent inputs, while 100%
coupling represents inputs that are completely linearly
dependent. Figure 7 is a conceptual illustration of a
system with coupled inputs; Table 1 summarizes the
goodness-of-®t of the identi®cation algorithm for dierent degrees of coupling. The estimated model was able to
account for greater than 99% of the output variance at
all levels of input coupling. The VAF between the
estimated and simulated IRFs decreased slightly at
higher coupling levels, but remained above 97% for all
trials. These results indicate that the nonparametric
linear MIMO identi®cation produced accurate estimates

Fig. 6. A De®nition of upper limb joint angles. B Variance accounted
for (VAF) between the actual and predicted outputs and between the
estimated and expected dynamic compliance IRFs for the simulated
nonlinear dynamics at four dierent locations in the workspace
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Fig. 7. Schematic of the model used to simulate a system with
coupled inputs
Table 1. VAF between the actual and predicted outputs and between the estimated and expected dynamic compliance IRFs at
four dierent levels of input coupling
Coupling
(%)

0
25
50
75

R2 (%)

99.8
99.7
99.3
99.3

VAF (%) between estimated and
actual IRFs
h11

h12

h21

h22

99.9
99.9
99.7
99.2

99.8
99.6
99.0
97.1

99.8
99.8
99.3
98.5

99.8
99.7
99.4
98.4

of the system dynamics even when the inputs to the
system were signi®cantly coupled.
4.3 Noise
The in¯uence of output noise on the estimation procedure was also investigated using data from the linear
system simulations. Four output signal-to-noise ratios
(SNRs) from 20 to 0 dB (i.e., 10±50% noise) were tested.
Figure 8 schematically represents a simulated system
with output noise, while Table 2 summarizes the
goodness-of-®t of the identi®cation algorithm for dierent levels of output noise. R2 decreased monotonically
with noise level, which simply re¯ects the random
properties of the noise. More importantly, the goodness-of-®t between the actual and estimated IRFs
remained high at all noise levels, indicating that system
properties were well characterized by the identi®cation
procedure. All the subsystems except for h12 showed
VAF greater than 90% at all noise levels. Subsystem h12
was more poorly identi®ed than the other subsystems
because its relative contribution to output y1 was
considerably smaller than that of subsystem h11 , while
the noise level was identical for both subsystems. Even in
this case, the minimum VAF was 81.1% for a 0 dB SNR.
4.4 Bias error
The eects of bias error due to using ®nite-length data
segments to compute spectral quantities were summarized by coherence estimates. These estimates were
obtained using data from the linear simulations. Partial

Fig. 8. Schematic of the model used to simulate a system with output
measurement noise
Table 2. VAF between the actual and predicted outputs and between the estimated and expected dynamic compliance IRFs at
four dierent signal-to-noise ratios (SNRS)
SNR
(dB)

R2 (%)

VAF (%) between estimated and
actual IRFs
h11

20
10
3
0

99.1
91.2
67.6
51.4

99.8
99.5
98.1
96.4

h12

h21

h22

99.5
97.5
89.6
81.1

99.8
99.1
96.4
93.2

99.6
98.7
95.2
91.2

and multiple coherences were estimated using Fast
Fourier Transform (FFT) segment lengths of 128, 256,
and 512 points, corresponding to data segments of
duration 2.56, 5.12, and 10.24 s, respectively. The system
was simulated with uncoupled inputs and had no output
noise, so bias error was the only signi®cant factor
reducing coherence below a value of 1.0. Figure 9 shows
that the estimated coherence functions were uniformly
near 1.0 across the bandwidth of interest for the longest
FFT segment length (512 points). However, all coherence functions dropped signi®cantly as the segment
length decreased, indicating the presence of signi®cant
spectral bias errors. Although these bias errors did not
signi®cantly aect the estimated TFs (not shown), the
decreased coherence produced by these errors could
erroneously be interpreted to represent signi®cant measurement noise or system nonlinearities. Hence, potential bias errors need to be considered when interpreting
coherence estimates.
5 Discussion
We have presented two techniques for the identi®cation
of MIMO systems and described a number of speci®c
issues related to the use of these techniques in characterizing the endpoint stiness properties of the human
arm. The following paragraphs will discuss the use of
these methods and the interpretation of stiness estimates obtained with them.
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Fig. 9. Estimated partial and multiple coherence functions using FFT
window sizes of 128 points (2.56 s; ÿÿ ÿÿ ), 256 points (5.12 s; ÿÿÿÿ ),
and 512 points (10.24 s; ÐÐÐ )

5.1 Performance of methods and limitations
We have presented both time domain and frequency
domain methods for characterizing linear MIMO systems. If data segments of sucient length are used to
minimize the eects of bias error, the performance of
each of these methods in characterizing a given linear
system is essentially identical. However, the time and
frequency domain representations visually and numerically emphasize dierent aspects of system properties,
and thus each may provide unique insights into dierent
features of the system. For example, frequency responses
can provide immediate insight into the structure and
order of the various subsystems, and the coherences can
indicate the presence of excessive noise, biases, and/or
nonlinearities. Impulse responses provide a direct indication of the time extent or memory of the system
dynamics and can be integrated to generate familiar step
responses. VAF and R2 quantities succinctly summarize
the performance of the system identi®cation procedure
with a small set of numbers.
In both cases, the applicability of the methods described here is limited to linear systems. However, many
conditions of interest will satisfy this condition. Because
single-joint stiness has been found previously to be
quite linear for small perturbations (Kearney and Hunter
1990), muscle-related contributions to endpoint stiness
are also expected to be linear. Results from our lab
(Perreault et al. 1997) and others (Dolan et al. 1993; Tsuji
et al. 1995) indicate this to be the case. Furthermore, the
simulations presented in this study have shown that the
eects of nonlinear inertial properties and nonlinear
joint-to-endpoint transformations are negligible for
small stochastic perturbations. Thus, it is expected that
the linear approaches presented here will ®nd wide ap-

plication for limb stiness estimation over a range of
conditions.
The identi®cation algorithms presented were shown
to be robust in the presence of signi®cant output noise
and for signi®cant input coupling. Measurement noise is
impossible to avoid completely in practice, and coupling
between inputs during stiness measurements commonly
occurs because of imperfections in multidimensional
manipulators. Thus, when purely independent perturbations cannot be imposed, it is not possible to separately identify the properties of the individual
subsystems one at a time. Rather, it is necessary to use a
MIMO approach similar to the one described here,
which simultaneously identi®es all subsystems.
It has previously been shown for SISO identi®cation
that the IRF estimation error increases when the input
spectrum is severely bandlimited (Westwick and Kearney 1997). It is interesting to note that this eect is
qualitatively similar to the case of severe input coupling
that was tested in this paper. Both input coupling and
highly colored inputs add o-diagonal terms to the input
correlation matrix, W, given in (11). Therefore, although
the presented time domain algorithm was not directly
tested for a variety of input spectra, further restricting
the input bandwidth can be expected to increase the
estimation errors in a manner analogous to increasing
the input coupling. Both of these factors serve to increase the IRF estimation error and to amplify the errors
introduced by measurement noise. If the errors introduced by either restricted input bandwidth or input
coupling become too large for a given level of measurement noise, more robust techniques (Westwick and
Kearney 1997) can be employed at the expense of increased computational eort and estimation bias error.
The MIMO system identi®cation procedures outlined
above rely upon numerical procedures, the accuracy of
which depends upon several practical choices that must
be made by the user and built into the experimental
design. In particular, both of the methods described here
depend upon estimates of input autospectra and inputoutput cross-spectra. The frequency domain method
relies directly on such estimates, while the time-domain
method utilizes the closely related auto-correlation and
cross-correlation functions. The true spectral quantities
are estimated from ®nite record lengths using the periodogram approach (Welch 1967), but this spectral estimator suers from both random error and bias error.
The eects of random error were investigated using
dierent levels of output noise and were found to be
negligible when the experimental trial lengths were suf®ciently long to allow for adequate averaging (Table 2).
The practical eects of bias error were also presented
above (Fig. 9). Bias errors were found to appear mainly
in the coherence estimates when short FFT lengths were
used; this bias had little eect on the estimated transfer
functions. The reduction in coherence resulting from
estimation bias could be attributed mistakenly to other
causes such as nonlinearities and/or noise. Thus, increasing the number of segments used for averaging can
minimize random errors, while increasing the length of
the data (FFT) segments minimizes bias errors. The only
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solution to these con¯icting needs is to design experimental procedures with adequate trial lengths, allowing
the recorded data to be suciently segmented to reduce
random error while keeping the segments long enough to
reduce bias error. The presented simulation results indicate that a 60-s trial (22 overlapping FFT segments of
5.12 s each) is sucient to satisfy these requirements for
endpoint identi®cation of the human arm, even under
poor experimental conditions (SNR = 0 dB). Better
experimental conditions may allow for even shorter experimental trials.
5.2 Multijoint nature of endpoint stiness
Stiness has been studied most extensively for single
muscles and single joints, and the information that has
resulted from these studies forms the basis for much of
what is currently understood about the control of
posture and movement. Although it is clear that the
nervous system modulates stiness primarily through
individual muscle properties, limb stiness is more than
a simple sum of individual muscle or joint properties.
At a controller level, most tasks performed by human
limbs have goals that require control of the endpoint of
the limb, rather than individual control of single
muscles or joints. Indeed, the motions at adjacent
joints within a limb are often highly coordinated
(Soechting and Lacquaniti 1981; Hollerbach and Flash
1982). At a mechanical level, several important multijoint mechanisms in¯uence disturbance resistance and
stability. Many muscles span more than one joint,
inherently linking the joints together. In addition, the
kinematics of the limb (i.e., the geometrical relationship
between joint angles and endpoint position) may also
play a dominating role in the re¯ection of individual
joint properties at the endpoint (Mussa-Ivaldi et al.
1985; Flash and Mussa-Ivaldi 1990). Much less is
known about the relative importance of these multijoint
mechanisms, how they interact, and how they are used
by the nervous system to control posture and movement. The methods developed here are intended to
facilitate eorts to obtain the information necessary to
make such assessments. Note that in this paper we have
concentrated on a two-dimensional description of
endpoint stiness, primarily because this has been the
focus of past studies and because this is what can
currently be estimated in our laboratory. However, the
identi®cation methods that have been presented here
can be used with systems having any number of inputs
and outputs, including stiness estimates in three or
higher dimensions.
5.3 Stochastic perturbations
and dynamic multijoint stiness estimates
Many previous studies of multijoint stiness have been
designed to test a particular theory regarding the
control of posture and movement, the `equilibrium
point' hypothesis (Mussa-Ivaldi et al. 1985; Flash 1987;

Gomi and Kawato 1997) and thus have emphasized the
steady-state response to a step perturbation. The
steady-state response to a maintained displacement
arises primarily from two mechanisms ± muscle lengthtension properties and the tonic stretch re¯ex ± both of
which are typically modest in magnitude relative to the
dynamic components resisting an imposed stretch. A
portion of the dynamic response is due to viscous
muscle properties (Kirsch et al. 1994) and to dynamic
re¯ex activation (Kearney and Stein 1997), but a
signi®cant component is the purely passive inertial
properties of the limb (Hollerbach and Flash 1982).
Furthermore, even the static component of the initial
muscle-related response to a perturbation is much
larger than the steady-state response due to `shortrange' stiness eects (Rack and Westbury 1974).
Although these eects are transient, they may provide
a signi®cant fraction of the resistance to more typical
transient disturbances. It is thus entirely possible that
dynamic and transient stiness components are functionally at least as important as steady-state components.
The methods described here use stochastic endpoint
perturbations of the limb to estimate its stiness properties. Such perturbations evoke both the dynamic and
static mechanisms described above, and the properties
evoked by these mechanisms can be quanti®ed by the
presented system identi®cation approaches. By using
independent stochastic perturbations in each of the
endpoint directions of interest, the instantaneous direction of the multidimensional perturbation changes
continuously to sweep out the entire stiness ®eld during a relatively short experimental trial. Because of this
experimental eciency, a number of dierent conditions
can be conveniently examined during a single experimental session. This is in contrast to the standard
steady-state stiness estimation method that uses a
number of trials, one for each perturbation direction of
interest. Resolution is thus limited by the number of
experimental trials, with the additional uncertainty of
trial-to-trial variations in subject performance. Furthermore, the number of dierent conditions that can be
tested in one session is signi®cantly reduced because of
the number of trials required. Estimation of steady-state
stiness also requires that the subjects `do not intervene'
in response to step or pulse changes in endpoint position
for time intervals several times longer than voluntary
reaction times. Although this paradigm is widely used,
methods for detecting voluntary reactions (which can
signi®cantly in¯uence measured stiness) are subjective
and rely primarily on consistency of responses. Interventions that occur in consistent and expected ways
cannot be detected. In contrast, stochastic perturbations
minimize the likelihood of voluntary reactions due to
their inherently random nature. If properly designed,
stochastic perturbations can be innocuous and largely
ignored by the subjects. In addition, they yield functionally relevant data that are suciently rich in information to allow full and experimentally ecient
characterization of the limb's directional and dynamic
stiness properties.
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5.4 Parametric vs nonparametric stiness estimation
We have described nonparametric methods for characterizing endpoint dynamic stiness properties, i.e., no
particular model structure describing endpoint stiness
has been assumed a priori. Our only assumption is that
endpoint stiness is linear for small perturbations and
can thus be fully characterized by either its frequency
response matrix or its impulse response matrix. This is in
contrast to previously used methods for estimating
endpoint dynamics (Dolan et al. 1993; Tsuji et al.
1995; Gomi and Kawato 1997), which have assumed a
model structure (typically second order) and ®t the
parameters of this model directly to the data. Based
upon previous single-joint studies, it is likely that the
assumption of second-order stiness properties will be
reasonably accurate for ®xed postural conditions and
small perturbations. However, mechanisms certainly
exist to make the system non-second-order and/or
nonlinear. For example, stiness estimates are known
to vary with perturbation amplitude (Kearney and
Hunter 1982) and mean contraction level (Hunter and
Kearney 1982) for postural conditions. Furthermore,
individual joint stinesses have been found to be linear
but non-second-order during changing contraction levels (MacNeil et al. 1992) and following a large perturbation (Kirsch and Kearney 1997). Also, stretch re¯ex
responses during perturbations with quite restricted
bandwidths produce a nonlinear stiness component
that will not be captured by a second-order model
(Kearney and Stein 1997). It is thus unlikely that the
second-order description of multijoint endpoint stiness
will survive more general testing. Furthermore, endpoint
stiness has previously been estimated only in the
horizontal plane, typically with the weight of the arm
supported against gravity, with the implicit assumption
that both the elbow and shoulder act as hinge joints.
This is obviously a vast simpli®cation for the shoulder,
which is actually a complex of several dierent joints
with multiple degrees of freedom. It is thus expected that
examination of the endpoint stiness properties of the
arm under more general and realistic conditions will
reveal behavior that is of higher order than second.
A nonparametric approach such as the one described
here is preferred for exploring a system whose properties
are only poorly established. The described approach is
capable of assessing the linearity of the measured response (by use of coherence, VAF, or R2 ), and the residuals from the linear model can be used to investigate the
structure of any existing nonlinearities. If the resulting
system is linear, characteristic features of second-order
systems, if they actually occur, can be easily detected with
either the frequency response or the impulse response.
Just as easily, however, non-second-order linear systems
of dierent structure can be recognized. Even if no obvious simple structure is seen in the nonparametric responses, system properties can be usefully described in a
functionally relevant but model-independent manner
using quantities such as low frequency stiness, resonant
frequency, and damping. Finally, it should again be noted
that we have focused upon identi®cation of endpoint

stiness here, although the approach is quite general and
can be applied to identify any linear (or linearizable)
system with multiple inputs and outputs where no particular model structure is known a priori.
6 Conclusions
We have presented a new method for characterizing
MIMO dynamic stiness properties. This approach
diers from previous approaches in that stochastic
perturbations, rather than steps or pulses, are used to
evoke responses. Such perturbations minimize the likelihood of voluntary reactions because of their random
nature. Also, independent perturbations imposed in more
than one direction at the endpoint result in the entire
stiness ®eld being swept during a relatively short
experimental trial, rather than requiring separate trials
for each perturbation direction with the accompanying
uncertainty of trial-to-trial variations. Furthermore, we
have implemented both frequency and time domain
identi®cation algorithms that can fully capture both the
static and dynamic properties of the perturbation responses without assuming a particular model of these
properties (other than linearity) a priori.These algorithms
were shown to be robust for signi®cant coupling between
dierent inputs (i.e., perturbations in orthogonal endpoint directions) and for signi®cant output noise. Goodness-of-®t measures were presented for both time and
frequency domain methods. The eects of nonlinear
inertial properties and nonlinear joint-to-endpoint transformations were shown to be negligible for small stochastic perturbations. Finally, the con¯icting constraints
of short experimental trials versus the need for long data
records to reduce estimation bias were discussed.
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Appendix
Derivation of output VAF estimation
The following derivation assumes that all measured variables are
normally distributed with zero mean. Equation (17) de®nes the
variance accounted for between the measured system output, yi t,
and the estimated output, y^i t.
"
#
E yi t ÿ y^i t2 
VAFyi  1 ÿ
 100%
17
Eyi t2 
The measured output can be described as the sum of the estimated
output and a noise term, ei t, as shown in (18).
yi  y^i  ei

18

The correlation-based estimates used in this paper provide a solution that is nearly optimal in the least-squares sense. The use of
®nite length data records causes the estimated IRFs to dier
slightly from the least-squares estimates (Marple 1981; Korenberg
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1988), but these dierences become negligible as the data length
increases. Therefore, the residuals, ei t, are nearly uncorrelated
with the estimated outputs, y^i t. If this correlation is assumed to be
negligible, the variance of ei t can be expressed as:
E yi t ÿ y^i t2   Eyi t2  ÿ 2E^
y i t y^i t  ei t  E^
y i t2 
 Eyi t2  ÿ E^
y i t2 

19

Substituting (19) into (17) yields:
VAFyi 

E^
y i t2 
Eyi t2 

 100%

20

The expected square value of the estimated output is simply the
zero-lag term of the estimated output auto-correlation, as shown in
(21).
E^
y i t2   /y^i y^i 0

21

For a MISO system with N inputs and M outputs, the estimated
output auto-correlation function is given by (22).
/y^i y^i  hi1  /x1 y i  hi2  /x2 y i      hiN  /xN y i

22

Substituting (22) into (20) provides an ecient means for calculating the VAF for each output of the linear MIMO model.
"PN PQ

sÿP

i1

VAF 

hij s  /xj yi ÿs

#

Eyi t2 

 100%

23

Derivation of R2 estimation
A similar derivation to that outlined above can be used to provide
an ecient algorithm for estimating the multiple correlation coef®cient, R2 , for a MIMO system. R2 is de®ned by (24).
PM
E yi t ÿ y^i t2 
R2  1 ÿ i1PM
24
2
i1 Eyi t 
Substituting the results of (19), (21), and (22) into (24) yields (25).
Using (25), R2 can be eciently calculated from the intermediate
results of the time domain methods presented in section 2.2.
R2 

PM PN PQ
i1

i1

sÿP

PM

i1

hij s  /xj yi ÿs

Eyi t2 

25
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